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Abstract
We determine the solvable complete Lie algebras whose nilradical is isomorphic to a fili-
form Lie algebra. Moreover we show that for any positive integer n there exists a solvable
complete Lie algebra whose second cohomology group with values in the adjoint module has
dimension at least n.
© 2003 Elsevier Science Inc. All rights reserved.
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1. Complete Lie algebras
Complete Lie algebras first appeared in 1951, in the context of Schenkman’s
theory of subinvariant Lie algebras [16]. In his famous derivation tower theorem,
he proved that for centerless solvable Lie algebras the tower of derivation algebras
Dern g = Dern−1(Der g) is finite, and that the last term, which is also centerless,
had only inner derivations. However, the formal definition of complete Lie algebra
was not given until 1962. Their relation with the tower theorem has proven the
importance of these algebras, which also play a role in rigidity theory of algebraic
structures. In the last years, different authors have concentrated on classifications and
structural properties of complete Lie algebras [3,7,10,12,13], and various interesting
results concerning these structures have been obtained.
For any Lie algebra g let Hi(g, V ) be the ith cohomology group with values in
the g-module V [15].
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Definition 1. A Lie algebra g is called complete if H 0(g, g) = H 1(g, g) = {0}.
Thus complete Lie algebras are centerless with only inner derivations. Classical
examples are semisimple and parabolic Lie algebras [10]. The Levi decomposition
reduces the analysis to solvable Lie algebras. Let n be a nilpotent Lie algebra and
t ⊂ Der(n) a maximal toral subalgebra, i.e., an abelian subalgebra whose elements
are ad-semisimple and which is maximal for the inclusion relation. The dimension
of t will be called the rank of n and denoted by r(n). If moreover r(n) = b1(n),
where b1(n) = dimH 1(n,C), n is called of maximal rank. As known, the algebra t
induces a root space decomposition over n:
n =
∑
α∈t∗
nα,
where t∗ = Hom(t,C) and the root spaces are given by
nα = {X ∈ n | [h,X] = α(h)X ∀h ∈ t}.
If nα /= 0, the form α is called a root of n [9]. Let  = {α | na /= 0} be the root
system of n (associated to the torus t).
Since the root system of a direct sum of algebras equals the union of the root
systems of the components [9], the study reduces to non-split Lie algebras. Observe
the analogy with the classical theory.
Definition 2. If the semidirect product t⊕ n is complete, then n is called a com-
pletable Lie algebra.
Theorem 1. Let g be a Lie algebra and h a Cartan subalgebra. Assume that follow-
ing conditions are satisfied:
1. h is abelian.
2. g = h⊕∑α∈ gα with  ⊂ h∗ − {0}.
3. there is a generating system {α1, . . . , αl} of h∗ in  such that dim gαj = 1 for all
j and h, gα1 , . . . , gαl generate g.
4. Let 0 /= xj ∈ gαj and a basis {α1, . . . , αr} of h∗. For r + 1  s  l,
αs =
t∑
i=1
kisαji −
r∑
i=1+t
kisαji ,
where kis ∈ N ∪ {0}, (j1, . . . , jr ) is a permutation of (1, . . . , r), and there is a
formula
[xj1 , . . . , xj1︸ ︷︷ ︸
k1s
, . . . , xjt , . . . , xjt︸ ︷︷ ︸
kts
, . . . , xkm]
= [xjt+1, . . . , xjt+1︸ ︷︷ ︸
kt+1s
, . . . , xjr , . . . , xjr︸ ︷︷ ︸, xs, xk1
krs
, . . . , xkm]
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without regard to the order or the way of bracketing, where m /= 0 if t = r.
Then g is a complete Lie algebra.
The fourth condition of this theorem states that any weight αi not belonging to
the generating system of h∗ can be expressed as a linear combination of the weights
{α1, . . . , αl} with integer coefficients. In contrast to the classical root theory, all the
coefficients do not have necessarily the same sign.
This result, proved in [13], has been used in the classification of complete Lie
algebras in low dimension [12,13] and generalizes a structure theorem proved in
[14].
2. Filiform Lie algebras
Filiform Lie algebras are the best known and most studied among the nilpotent
Lie algebras [2,6,11]. Recall that the central descending sequence of an algebra is
given by
C0g = g ⊃ C1g = [g, g] ⊃ · · · ⊃ Ckg = [Ck−1g, g] ⊃ · · · .
The nilindex of g is the least integer k such that Ckg = 0, Ck−1g /= 0.
Definition 3. A n-dimensional nilpotent Lie algebra n is called filiform if the nilin-
dex is k = n− 1.
Lemma 1. If n is a filiform Lie algebra, then r(n)  2.
For the proof, see [11]. Filiform Lie algebras satisfy b1(n) = 2. This shows the
convenience of separating them by rank.
Proposition 1. Every filiform Lie algebras of rank 2 is isomorphic to Ln or Qn,
where Ln and Qn are the n-dimensional Lie algebras defined by:
1. Ln : {[Y1, Yj ] = Y1+j , j = 2, . . . , n− 1.
2. Qn :
{[Y1, Yj ] = Y1+j , j = 2, . . . , n− 1,
[Yi, Yn−i+1] = (−1)i+1Yn, i = 2, . . . , p,
where n = 2p.
The non-written brackets are either zero or obtained by antisymmetry.
These algebras, which are also the only naturally graded filiform Lie algebras, are
completable for being of maximal rank [10].
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Theorem 2. Every filiform Lie algebra of rank 1 and dimension n is isomorphic to
one of the following Lie algebras
1. Akn(λ1, . . . , λt−1), t =
[
n−k+1
2
]
, 2  k  n− 3

[Y1, Yi] = Yi+1, i = 2, . . . , n− 1,
[Yi, Yi+1] = λi−1Y2i+k−1, 2  i  t,
[Yi, Yj ] = aijYi+j+k−2, 2  i  j, i + j + k − 2  n.
2. Bkn(λ1, . . . , λt−1), n = 2m, t =
[
n−k
2
]
, 2  k  n− 3

[Y1, Yi] = Yi+1, i = 2, . . . , n− 2,
[Yi, Yn−i+1] = (−1)i+1n Y, i = 2, . . . , n− 1,
[Yi, Yi+1] = λi−1Y2i+k−1, i = 2, . . . , t,
[Yi, Yj ] = aijYi+j−k−2, 2  i, j  n− 2,
i + j + k − 2  n− 2, j /= i + 1.
3. Cn(λ1, . . . , λt ), n = 2m+ 2, t = m− 1

[Y1, Yi] = Yi+1, i = 2, . . . , n− 2,
[Yi, Yn−i+1] = (−1)i−1n Yn, i = 2, . . . , m+ 1,
[Yi, Yn−i−2k+1] = (−1)i+1λkYn, i = 2, . . . , n− 2 − 2k,
k = 1, . . . , m− 1.
In this theorem, [x] denotes the integer part of x and (λ1, . . . , λt ) are non-simul-
taneously vanishing parameters satisfying polynomial equations associated to the
Jacobi conditions. Moreover, the constants aij satisfy
aij = aij+1 + ai+1,j
and aii+1 = λi−1.
The semisimple derivations of these algebras have been studied in [6,11] in order
to determine their maximal tori.
Theorem 3. Let n be a filiform Lie algebra of rank 1. Then n is completable if and
only if n  Akn(λ1, . . . , λt−1) or n  Bkn(λ1, . . . , λt−1).
Proof. Suppose that n  Akn(λ1, . . . , λt−1). From the structure of the algebra it can
be seen without difficulty that the basis chosen in the preceding theorem is a basis
of eigenvectors for a diagonalizable derivation [11]. We thus obtain that a maxi-
mal torus of derivations t is generated by the derivation f ∈ Der(Akn(λ1, . . . , λt−1))
defined by
f (Y1) = Y1, f (Yj ) = (k − 2 + j)Yj , 2  j  n.
The weight system is therefore {α1, α2, . . . , αn} = {α, (k + j − 2)α}2jn. Thus the
semidirect product t⊕ n decomposes as
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t⊕ n = t⊕ nα ⊕
n∑
j=2
(n(k+j−2)α)
and {α, kα} generates t∗. This shows that the three first conditions of Theorem 1 are
satisfied. Respect to the fourth, observe that the weights satisfy:
(j − 2)α1 + α2 = αj , j  3,
αj + αj+1 = (2j − 3)α1 + 2α2, 2  j  t,
α2 + αj = αj+k = (j − 2)α1 + 2α2, 3  j  n− k.
From this we deduce the bracket conditions:
[X2, [X1, X2]] = [
k+1︷ ︸︸ ︷
X1[X1[· · · [X1, X2] · · ·]]] /= 0,
[X2, [X1 · · · [X1, X2] · · ·]] = [
j+k−2︷ ︸︸ ︷
X1[X1[· · · [X1, X2] · · ·]]] /= 0,
3  j  n− k
and the completeness follows from Theorem 1.
If n  Bkn(λ1, . . . , λt−1), the reasoning is quite the same, where a weight system
for Bkn(λ1, . . . , λt−1) is given by {α, kα, . . . , (k + 2p + 1)α, (2k + 2p + 1)α}. Let
us therefore suppose that n is not isomorphic to the preceding Lie algebras. By The-
orem 2 it must be isomorphic to Cn(λ1, . . . , λt ). A maximal torus of derivations is
generated by the semisimple derivation f defined by
f (Y1) = 0, f (Yj ) = Yj , 2  j  n− 1, f (Yn) = 2Yn.
Observe that condition (ii) of Theorem 1 is not satisfied, since there is a zero weight.
Consider the endomorphism h defined by h(Y2) = Yn−1 and zero elsewhere. It is
obvious that h ∈ Der(Cn(λ1, . . . , λt )), and as Yn−1 ∈ im(ad(X)) if and only if X =
Y1, the derivation is not inner and Cn(λ1, . . . , λt ) cannot be completable. 
There remain those filiform Lie algebras of rank zero, i.e., those for which the
Lie algebra of derivations is itself nilpotent [4]. These algebras are definitively non-
completable since any nilpotent Lie algebra has an outer derivation. We can resume
the preceding results in the following.
Theorem 4. A filiform Lie algebra of non-zero rank is completable if and only if it
is isomorphic to Ln,Qn,Akn(λ1, . . . , λt−1) or Bkn(λ1, . . . , λt−1).
This result can also be formulated in terms of rigidity. Recall that an n-dimen-
sional Lie algebra g is called rigid if its orbit O(g) by the action of the general linear
group is an open set of C(n3−n2)/2.
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Corollary 1. Any filiform Lie algebra which is isomorphic to the nilradical of a
solvable rigid law is completable.
3. Complete Lie algebras with dimH 2(r, r)  n
In Section 2 we have seen which of the filiform Lie algebras are completable. It
has therefore sense to ask what happens for the second adjoint cohomology group
H 2(n⊕ t, n⊕ t), where n⊕ t is complete. We will prove that the dimension of this
group can be as high as wanted. Consider the Lie algebra Akk+h+3(λ1, . . . , λ[h/2]+1)
with k even and  4. Suppose moreover that 3  h  k + 3. Let us consider the
basis {Y1, Yk, . . . , Y2k+2h+1}, where the subindex makes reference to the weight of
the vector by the action of the torus t. The brackets of the algebra are given by
[Y1, Yk+i] = Yk+1+i , 0  i  2k + 2h,
[Xk+i , Xk+j ] = aijX2k+i+j , 0  i, j 
[
h
2
]+ 1.
We have that the coefficients aij satisfy the equations
aij = ai,j−1 − ai+1,j−1, (1)
ai,i+1 = λi+1 (2)
for 0  i < j  [p/2].
The preceding relations are an immediate consequence of the Jacobi conditions
related to the triples {X1, Xi,Xj }, which are the only ones since 3k + 3  2k − 2 +
p. It is not difficult to see that, whenever λ1 is non-zero, it can be normalized. In this
manner we obtain [h/2] essential parameters which separate isomorphism classes.
From Eqs. (1) and (2) we have that
aij =
[p/2]+1∑
k=1
αkij λk,
where the αkij are the integers coefficients obtained by the resolution of the systems
associated to the Jacobi conditions giving the equations. If we define the functions
hk(aij ) = αkij ,
we see that the bilinear alternated mapping ϕk defined by
(Xk+i , Xk+j )→ hk(aij )X2k+i+j ,
defines a linear deformation [15]. Moreover, the ϕk cannot be coboundaries since
otherwise the parameters λk would not separate isomorphism classes. We obtain
ϕk ∈ Z2(rh, rh), where rh = Akk+3+h(λ1, . . . , λt−1)⊕ t. We obtain
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Theorem 5. In the preceding conditions, the complete Lie algebra rh = Akk+3+h(λ1,
. . . , λ[h/2]+1)⊕ t satisfies dimH 2(rh, rh)  [h/2].
Corollary 2. For any n ∈ N+ there exists a complete Lie algebra r such that
dimH 2(r, r)  n.
The reasoning just described is essentially the same applied by Carles in [8] to
construct the first examples of solvable rigid laws with non-vanishing second coho-
mology group. We remark that the examples presented by him in [7,8] were also
complete Lie algebras.
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